If a is a non-negative real number, v/a denotes the principal square root of a. Recall that
+/0 = 0 and

if a > 0, then v/a is the positive square root of a. It follows easily that if a >0 and b >0,
then

Vab = Va Vb.
Note that the above definition of +/a is applicable only to non-negative real numbers a.

In order to answer the question posed, we first need to understand the meaning given to va
when a is a negative real number and, more generally, when a is a complex number. In other

words, we need a definition for v/a, the principal square root of a, when a is a complex
number.

Since we know that /0 = 0, letz € C and z # 0.
First, write z in the polar form: z = r (cos 8 + isin ),
wherer = |z| (> 0)and 8 = Argz (—m < 6 < m), the principal argument of z.

We shall define vz, the principal square root of z, by
6 . . 8
Vz =+r (cos -+ LSIHE).
Note that this agrees with vV—1 =i, since —1 = 1(cosm + i sin), we have

V=1 =\/_1(cos g+ising) =i

Now, leta,b € Cwitha # 0and b # 0.
Also, let |a| = ry,|b| = r,, Arg(a) = 6, and Arg (b) = 6,.

Then a = r;(cosf; +isinf;) and b = ry(cosB, + isinb,), where r;,r, > 0 and
T < 01, 92 < Tt.

By definition, va = \/r_l(cos% + i sin%) and Vb = \/r_z(cos% + isin%).

~ Vavb =rr; [cos@ + isin (91;92)] mmmmesmeemmemeesemeseeseaemeeeee e 1)

Next, in order to find vab, we need the principal argument of ab.
We know that |ab| = r; 1, (> 0).
Note that ab = 7, (cos 8, + isin6,). r,(cos 6, + isinb,)

= 1, 1y[cos(0; + 6,) + i sin(8, + 6,)].

Since - < 04, 6, < m, we have -2 <6, +6, < 2m.

=~ Arg (ab) splits into three cases:
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Case ()| —m <b1+6,=m

In this case, Arg (ab) = 6; +6, .

V@b = rr [cos P 4 jsin BT
Now, (1) and (2) = +ab = Va Vb.

Case (ii) —2n <0,+6,< —m

Thisisequivalentto 0 <6, +6,+2n < 7w

~ Arg (ab) = 0, + 0, + 2m.

01+6,+2 .. 01+6,+2
Hence. Vab = +/ri1; [c % + isin %]

iy [ cos( 2+ 1)+ Lsm( 2+ 1)]

(61+6;

—Vnr; [COS( ) + isin(——

Now, (1) and (3) = +ab = —ab.

)

Case (iii)| ™ <61 +6;= 2n

This is equivalentto —m < 6; + 0, — 2 < 0.
oo Arg (ab) = 91 + 92 —_ 27T

As in Case (ii), we see that Vab = —Va Vb .

Conclusion:

leta,b € C withab # 0.
Then, Vab= Va.Nb & —m <Arg(a)+Arg(h) <
Obviously, if a,b € C with ab = 0, then Vab = va .Vb.

Remark:

JEED (1) #=V-1 V-1,
By case (iii),
(-D(-1) = —V-1 .V-1.



